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MEMORANDUM REPORT ON MCREXESL/LVL,/0E8/pm

e

< Date 29 August 1949
. SUBJECT: The Mechanism of
o Jet Di-intogntloﬁx}‘ , s

——

OFFICE. Equipment Laboratory

"\, MCREXB-66l3-5315
GS=USAF-Tiright Patterson No. 179

Contract or Order No.

Expenditure Order No. 6&0"7&4

A, PURPOSE:

1. To investigate the mechanism of jet digintegration in order to
derive mathematiosl relations for computing droplet sizes produced by -
inseotioide spray equipment.

B, FACTUAL DATAs

2, The results of an investigation regarding the effect of droplet
size on the kill rate of the insects sprayed is oontained in Memorandum
Report No. ucm:m-é&.-s?, GS=USAP=-Wright Patterson No. 127, dated
31 May 19L8, Subject: Dissemination of Insecticides”. From this investis
getion it appears possible to predict the moat effective droplet sige when
certain informetion 1s available regarding: (1) the lethal amount of
inseotioide per insect; (2) the habits and physiocal characteristios of
the insects; and (3) the effeot of oertain meteorological conditionse it
was believed appropriate to supplement that information with data providing
a basis for designing spray equipment capable of producing the most effective
sige of droplets for any given set of oonditions enumerated abtove. Appendix
"AR of this report oontains the results of a gtudy whioh was made to provide
that data, Theoretial consideretions regarding the phenomena whereby small
droplets are produced by Jet disintegration are reviewed in that appendix
and test results examined, A theory about the mechanisms of jet disintegration

is developed, and a procedure is shown for oaloulating the originating droplet
sizes.

Z, A liquid jet leaving a noszle is unstable,since its surface can
be reduced by disintegrating into smell droplets. The disintegration is
initisted by the formation of waves within the liquid colum. The volume
ineluded between two nodal points represents the droplet size, This droplet
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travels with a oertain velooity, If the surfaoce tension of this droplet

is great emough to stand the rem pressure, this droplet will maintain its
shape (if no evaporation is assumed) and the liquid jet will disintegrate
into droplets of wniform size. If the surface tenaion of the droplet is so
small that it oannot stand the ram pressure this droplet will oontinuously
ohange ites shape and by doing so disintegrate into smaller droplets of
different sigee so that a droplet speotrum results, The maximum droplet sise
is the original droplet size, The minimum droplet size spparently approsches
moleoular dimensions. The form of the droplet spectrum depends on- the ratie
betweon original (meximum) droplet size and stadle droplet aize,

Le The oaloulaticn of the wave length oan bo ocarried through on a pure
theoretiocal basis if the rotaticnally symmetrio diaturbances of the jet are
the most influential as is the onse for example for a liquid jet in etill
air, i.6,, s0lid injeotion by a simple round noszle, The wave lengths
oan be appropriately represented by a dimensionloss oharaoteristic walue

¢ Tepresenting the ratio between jet (nozsle) ciroumference and

rave lcnéth. The S value is nearly oonstant for oases where the
opt

visoosity foroes of the liquid are the most effective forces, 1i.e0., for

oomparatively small velocities of the jet, In these oases the droplet size

ig stable so that the liquid jet disintegrates into droplets of uniform size,

The droplet diameter is approximately 2,4 times the jet diameter.

S¢ For higher jet velcoities the reaulting original droplet sisze
in most oases will be wnstable so thet a droplet speotrum results, The
maximum droplet of the spectrum is proportional to the jet diameter and
inversely proportional to the oubie root of the charasteristic walue 9 opt’

the size of whioh depends on the 1liquid, the surrounding medium, the velooity,
and the jet diameter. The volume of the maximum droplet is proportional te
the oapillary oonstant, proportional to the square of the jet diameter,
inversely proporticnal to the density of the air and inversely proportionmal
to the square of the jet velooity,

6, The charsoteristios of the spectrum oan be ocomputed by applying the
laws of probability,

7. Sy oomparing the caloulated values with available test results, a
good conformity has been found,

8, It is almost oertain that the diaintegration taking plsoce in an
ordinary oarburator, 1,e., 1iquid jet velcoity very slow and high air
velooity, oan be ocaloculated by the relations stated for aclid injeotion,




Memorandum Report ¥o, MCREXE-6Gl-531B
GS=USAF=Wright Patterson No. 179
29 August 1949

gince for the wave length only the difference between liquid velocity and
the velocity of the surrounding medium 1s of importence. So by taking as
velocity the Aifference betwsen air velceity and liguld veloeity,

correct results should be obtaineds Unfortunately, no proof cen be given
sirce in the aveilable test results the norzrle diameter has nct been stated.

9+ All the sdove statemente can be true only as leng as rotetionally
symmetric disturbarces of the liguid jet are of the most importance for
the disintegraticn, U"ith the kind of nozrle as ured for spraying ingecticides
from an airplane (straight discharge type noszle) the liguid jet is
deflected about 90° directly after leaving the nozzle. This bending
represents a strong singular disturbance of the jet so that the rotationally
symretric disturbances are of little influence for the disintegration, It
is very unlikely that the wave length resulting from this eingular disturbance
can be calculated on s pure theoretical basis within a reasonsble length
of time, Test results show that the maximum droplet size resulting from
the disirntegration of a jet after leaving a norzle under the above conditicne
1s lj to & times smaller than the maximum droplet sige which would rasult
fron rotationally symmnetrie disturbances,

Ce CONCLUSI™E,;

10, It is very oredable that by imorintinz a definite wave length
on the jet by auter forces, for sxample Ly mechanical wvibration of the
noeele, the 1liquid will disintegrate intc a certain droplot size if the
outer forors are strong enocwsh to overcoms the other {orces acting cn the

Jots So 1t may bLe poxsible te produce uniform dreoplet sizes whero normally
e droplet speotrum would result, provided that this droplet size is small
enough to be stable, e

11, The most important value for caleculating the droplet sizes
rogulting from the disintegration of a liquid jot 1z the wave length
originating in the 1liguid jet as a consequence of its instability.

12, In all cases where the rotationslly symmetric disturbunces ure
of minor influerces, no exmct relatione cculd be stated as & consequenco
of the leck of detajiled information and the lacik of suitable test facilitics,
According to tho avalluble test results for cases where the liguid jet is
deflected direotly behind the nozsgle, the sinpular digturbance caused by
the bending 1r of major influence, reeulting in smaller droplets than
produced by rotationally symmetric disturbances,
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APPENDIX A
Caloulations About Droplet Sises Produced by Simple Spray Norsles
I, INTRODUCTIOR

1, It is a well known faot that any ugid stream digintegrates into
droplets after leaving a nozzle or orifiee. ese droplets in some oases

are of wniform size, in other oases of different sizes, The disintsgration
ean be oaused by many different influences, the detalils of whioh are very
diffioult to follow and are not yet oomplotely olarified in ourrent literaturse.
Therefore, no relation for the prodused droplet sire ocould »e found in the
available literature except some approximation formulase whioh, however,
unfortunately srs either éimensionally ineorreot or unsatisfactory in results
(Ref. 1,72, 3, L4)s This seems to indicate that the most deoisive influenoces
governing the droplet sizes are not yet determined with suffiojent acouracy
even though innumerable tests and theoretical work has been devoted to the
problem. In this report an attempt is made to develop a theory about the
mechanism of jet disintegration, and to state a procedure for oaloulating

the resulting droplet sices.

II, THBEORETICAL CONSINERATIONS

le A general relation for the droplet aire mey be derived according

to Prandtl (Ref. 5) by considering the behavior of the I'ree surfasss of
liquidse The free surface of a liquid shows the tendenoy to reduce itself
as much as possible, That tendenoy oan be oxplained by assuning that eaoh
partiolo neer to the surface is drawn to tho interior of the liquid by the
attraotive forces of its neighborss Therefore, only at many particles remain
on the surface as are needed to inoclose the fluid volume, A4s a conseguenoo,
oertain tensions oan be assumed to exist on the ourved surface of a 1iquid,
similar to the tensions in an wiformly stretohed mombrane, This tunsion is
oalled surface tension or capillary tension, In plane surfaces these
tensions do not exist and in this oase the liquid is in equilibriwm, Ilowever,
for ourved surfaces these tensions produce a pressure within the liquid whioh
exoeeds that of tho surrounding atmosphere,

2, Considering a small rectangle on & ourved surfaoce with the sides
dey and dsp, Figure 1, the pressure difference p; ® pp on the aren dsydsp

results in a force (p1 - pz)dllﬁlao The surface tension cauges two foroes
Cdsy on the sides ds; and two foroes Cdsp on tho sides daz when C denotes

the tension on the unit length (C = Capillary constant)s Those forces

Cds; and Cdsp have components normal to the surfaoce Cdlldna/nz and Cd'a"'l/nl
(being dx = dsy/R) and 4P = dsp/Rp, Figure 1) whers R} and Ry denote

the radii., For the equilibriwm it follows:
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-p, = 1
Py =P, c(§1—12—

For a sphere, Ry = R, and therefore:

Equation 2 represents the relationship between droplet diameter, d, surfaoce
tension (or py = pp ) and capillary constant, C,

Then a liquid sphsre moves through the atmosphere it is well
known that the ram pressure, Qp, on the front of the sphere is proportional
to the square of the flight speed, v, and direotly proportional to the mass
dengity of the air, That iss

2 U
dp- T - 80 (3)

It is obvious that for the oase where the ram pressure is higher than the
surface tension, the flying droplet cannot withstand that pressure and will
be deformed, Equilibrium will be established whens

By » 3y =9 ()

Equation l; oan be regarded as a oriterion which roverns the maximum possible
stable droplet size. Introduoing equation 2 and 3 into Equation 4 results
ins

8cC 8C
&t ..# - ??- (5)

vhen, v, donotes the relative velooity bstween the droplet and the surrounding
air. Table 1 shows the values of the ocapillary oonstant for several liquids
against air of 295°K and 760 mm ¥ (Ref. €); end Figure 2 represents

Equation 5 for T = 295°K, and an atmospherlo nreesure of 760 =mm Fg. So
Figure 2 shows the maximum possible droplet dianeter which can exist for
various veloocities in eir at 295°K and 760 mm Hg.
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Liquid C (kg/m)
Gasoline 2,1 10°7

Tater 6.8 1073
Ethyl aloochel 2.l 1073
Diesel fuel Ko, I 2.7 10°3

Diesel fuel No, II

Lubriocating oil

Table 1

L. Equation 5 shows that dgt depends mainly on the oapillary constant
and on the relative velooity, v, It can be assumed that, v, 1s elther the
velooity of the 1iquid jet and the surrounding air 1s at rest or that, v,
is the velooity of the air and the liquid is at rest., A typloal example of
Jot dieintegration produced dy liquid in motion and air at rest is the
ordinary solid injection used in connection with Diesel engines, A typioal
exarmple of jet disintegration produced by high velocity esir im contact with
a liquid at rest is the ordinary carburator used in connestion with internal
ocombustion engines, It may be mentioned that for solid injection, very
high 1liquid pressures are requireds The relation betweem liquid velooity
and pressure is given by the relatiom

’ =
V%LL (6)

ﬁ. denoting the specifiec weight of the 1liquid, In Figure 2 the correse
ponding pressures, Ap, for different liquids, as given by Equation 6,
are plotted on the velooity seale, Tsble 2 showa the values of the specifio
woight for several liquids (T = 295°K).

Liquid ;r;[ks/i}]

Gasoline 700
Vater 1000
Ethyl alcohol

Diesel fuel 850

Lubricating oil &850

Table 2
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5. By investigating tho phenomena accompanying tho di sintegration by
solid injection, it 1s possible to arrive at some clues about the influences
govorning the droplet sizes, begides tho stability of the droplets. As
shown by Lord Raleigh (Ref. 7), a oylindrical column of 1iquid is statieally
unstable as a consequenco of the surface tension, since its surfaco osn be

reducod by disintograting into drepletss The gurface of a oylindrioal jet
im

SJ. "dj.L Y “gde (7)

whon Lo denotos its lenzth and 4j the jot diameter. The volumo is:

vy - ndaj L

It this voluwe disintegrates into droplets, the surfaco of tho droplots
become st

s = anL o3

2(!d

and the ratio botween the jet surface and the surfaco of the droplet iss

[

8 . 4 s
vk, ) @

1,00, for a jot of infinite length ( L = 90 ) the surface of the jet is
greater than tho surface of the droplets, if the droplet dismoter is greator .
than 1,5 4,, for dj e L. the gurface of the jet is greater than the surfaoe
of the droPlots if“the droplot dismetor is groster than the jot diameter

and for 4, > the surfaco of the jet is grester, even if the droplet
diametor i- smaller than the jot diameter. The transition to the disintegration
is induoed by tho fact that irregularities of the column oocur, oroduced

by the nogsle itself or outer foroes, Tho surfaco tonsion causos tho pressure
ineide the thinnor region to bogome higher than inside the wider rogion
(compare Equation 1) so that the liquid eontent is forced into the thicker
spaceg of the oolum, So tho thinner rogion becomes thinnor and thinner,

and finally tho colum disintegrates into droplots. It suggests itself
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that the droplet diamster ean be ealoulated if the volume enelesed between
two thinner regiens (modal points) is known, {.e,, if the wave length within
the liquid eelwm is knowmn, A theoretical investigation fer the wave length
is made by C, Weber (Ref, 8), and is reviewed in the fellewing paragraphe

6, Investigated is a cylindrical 1iquid column ef infinite length
witheut eonsidering the attractive forsce ef $he earth, If the surface
of such a celumn gshows a slight deviation, s from its originally oylindriecal
shape, Figure 3, the whole eolumn will be disturbed by wavelike motiens
whioh eause the liquid colwm to disintegrate, BEstablishing the equatien
fer the equilibrium of the selumn for the above conditiens by applying the
Navier-StoR@sequations ylelds a differential equation which can be selved
by assuming a eertain function for the deviation am

§ - S.M,o,k;_,:_ (1)

when ; denetes the ratie betwoen jet oireumferenes arnd wave length,

Lie SR a2

8, denetes the radius of the jet which oan be assumed proportienal to the
nossle radius, dy o The value, x, in Equatien 11 denetes the ceordinate

?

in the direotien_ef the jet axis and _S ¢ a functien of r, which must

be equal to o, forr=a, A § @ represents a charseteristio value
for the average devistien, Figure 3, It has besen shewn that enly the
rotationally symmetric disturbances are decisive fer the disintegratien,
f,e., & 1is independent of § (see Fig, 3), if no strong wneyrmetrioal
outer feroes are aeting on the jet, 1,e,, for a liquid colum in still air,
An approximate solution of the above differential equation iss

Hafoppy 55 B (13)

vhoreby AL represents a charasteristic value for the disintegration time
n%s*
A (1)

Equatien 13 ghows that there is a Cefinite relation between the ocharsoterigtio
value, g » representing the wave length, and the AL value, represerting the
disintegration time, Figure L. It is pointed out by C, Weber that only thoge
wave lengths the AL value of whioh is the maximum are dooisive for the
disintegratien, These vmlues may be deneted with the subsoript "ept". So it
finally results that 5 ept Fepresents a relatien for the wave length
determining the droplet size, This wvalue can be oaleulated from Bquatien 13
by applying well knewn mathematieal transfermatiens.

t-

9
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Equation 13 can be true only if the asurface tension is the most influential
faotor governing the wave length. For viscous liguids the viscosity must

also be taken into sooount., For this oase equation 13 oen be written in the
forms

2 e 43 gl A
M ‘-'- Z? -3 c 31‘0‘ (l-c ) é +(-£:"9‘T (15)
which results ing

— -

=[18¢ .l 6y
Mot (7?9_'-_ a +._c_u)

,‘gopt & [2. (1 +}aLs ec(l‘ )]

For the oase where asrodynamio forces have to be oonsidered (higher jet
velooities) the relation between, A, and, E; » takes the forms

05

Mlou 2, & = aras g -sh & +—L{(T & () (18)

In Equation 18, f, (é; ) denotes a Bessel-funotion as represented in

Figure 5, C. WObor points out that above certain velocities a wave formation
as shown in Figure 6 can exist for whioh the relation reads:

g .
vs‘sf%‘—; 3

?.r g
L L"o'%‘ i e

In Equation 19, £ ( ) denotes another Dessel-funotion also as represented
in Fipure 5., It must bo mentioned that Equations 18 and 19 car be true only
as long as the air can be regarded as incompressible, i.e., as long as, v,

is considerably smaller than the velocity of sounds, The velooity above

M

(g) QCS gé (19)
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which ths wvave formation as shown in Figure 6 can exist iz given by:

s s _5_
Ymin = |3, f,(€)

eince the right part of Equation 19 must be at leasgt zero,
From the above relations the digintegration length can be oaloulated & noes

(20)

-
¢ (aa)

7. It has been shown by A, Haenlein (Ref, 9) that the relationships
8¢ stated by Co Vasber give an approximately true piloture of the main
influences governing the disintegration of a liquid jet, A, Waenlein was
mostly ooncerned with the disintegration time and the disintegration length
of a 1liquid jet at relatively small velocities and statee that in many ocases
the values as caloulated by C, Veber agree with the values as found by
tests, and that in some other oases, however, no agreement oould be found,

8, Y¥ith the considerations as represented in paragraph 6, the volume
of a droplet becomee:

V'_dfi_X__ (22)

By using Equation 12, the relation for the droplet diameter beoomes:
Jar
dj |7

- = L.
d
3§.Pt

9. For ocaloulating the droplet eigss the walues gopt must dbe

derived from Equation 18, ; opt 18 the value for whioh the maximum
M value resulte, Equation 18 can be written in the form:

2

Z 1, (&) -0

z{;v
<

¢ g ' Cg Y
L J —— - |- - 2
Mg ﬁ,‘" ; 3 ( 5) ; e

e ?Le.
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and golved for, ,s, rogulting ins
< 3 !
N
e 329 pFPaf2eg s ,C9 > L o(R\]
" i & B LT S) * ﬂr;,"’“ é‘) G+ i St i

From Equation 25 the maximum of, J& oan be found by differentiating.
This yields the equation for the value, ;Opt' which readss

2 E% s EP ghc- E. gzg.o

G.Vrz‘ge E.Cs
T8 2
’b\"‘_@ TLQ.

Aw

e (2712.3‘ = 4Cq ) Y2 Vt fe (S)
- (‘:‘q‘ We e &g
LR 4 4 4
E ‘;j‘c - ny (f‘,(‘s))"- VAT , s
3 e e, ! + 8o *x: .Qcac ,6‘1906

Cw»

22 3 2
9(:'23 fo(g\ ~ :'f‘ﬂ‘? ﬂ(ﬂ
LS

The exact solution of this equation is not poggible in an expliecit form,
However, the osloulations show that in many oaseg the influence of the
viscoeity is very small, especially at higher velooitiss, so that the second

term on the left side in Zquation 18 ocan be omitted, Then the differentiated
Equation 18 readss

2
C 3 apwt zoﬁ
9 & _ %3 Lo - {a
SI“' L _ne i e
é& & '
: _(:_3_3('_<e) §<+ nq,_ QJIO
?.\#Lo :‘.rLo
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.

In Equation 27 the value, s,, represents fo( & ), and ocan be considered
oonstant and equal to one at higher jot velooities (see Fig, 5). From
Equation 27 it follows for opt*

3 2 L3
88w L], -

&

Equation 28 is an irreduoible oase, and oannot be solved by Cardan's formula,
but must be solved with trigonometrio funotions. This pives:

e

¢,

- ‘l’.."“‘ %o _‘_ i_
y' = 4(7:3—_) Fte <03 (29)

20
Coy ?

g Vaz, )‘f (.\nv az, )C
kCq +__¥<q +
162 08
So it results that Equation 28 ocannot be solved in an explioit form, Only

for the oase ; opt ¥ 1, an explioite approximate sclution rosults
sinoe then Equnuog 18 oan be written in the form:

| 3 Ve'
P A

3 3
e o P
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Differentiating Equation 33, W gives:
) 3
wav'z, 85 €3 &
[ BT fo

65 ; vé"’_. Cav? *cq

2y at i 3
ia ) tx.°

and for ; opt!

a e
3¢aY & % -
6-S=— 5 a0

Reduoing Zquation 35 by Cardan's substituion:

Q
Eaysdavoz,
4Cq

<‘.'(Aven Zg

7 4Cq

é.ri ® srAvao e = %l Z

‘ng

In Fquation 38 the term

Bive

Cg

2=

(39)

represents a dimensionless characteristio wvalue for the disintegration of a
liquid jet at high velooities,

10, For ocalouleting the wave lenpth in the osse of wave formtion
according to Figure 6, Equation 19 must be developed for gopt' For an

exact solution, Equation 19 must be written in the form of an equation of
the third degree resulting in:

MaepPr o8 ceo0 (4o)
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with, s i
e et

“é.s [ e 2Cq &
e T e - 2E

R9 e w0
“toeae (35 +47)

By reducing Equation Lo by applying Cardan's substitution, an equation of
Eres would havs to be solved for obtaining the value, A1, in E

explioit form ag needed for the determination of the dssired value, opt*

by oonsidering Bquation 19, it appears Justified for greater values
omit the part in parenthesis, eo that Equation 19 is reduced to a
quadratio squation, Solving this equation tor,’, results in;

cht Yt gt e ]
” 1?#7; Fro +5 T n:e. éﬂ(q)‘éw )

Q

Differentiating Equation L1, it results for ¢O‘pt'
6 3,44

¥ antcad 3 wniat Z,\It
-A;T;p_‘ EWooli L7 ’g 8 ta

o P
e 12t Tf o Py rL’ a®

& e che , & A
%C €Cq ¥a 2,V Ta %, £
- Bt s

S 4 &
he nhe

In Bquation 42, 8) denotes fy( ; ) which value can be considered oonstant

and equal to one at high velooities (see Fig, 5). Equation 4,2 ig an
equation of the & decree and oannot be solved in An exaoct manner in an
explioit form of s Only for the oase that the viscosity is negleoted
oompletely as may be Justified for higher velooitiss, an explioit solution
for é results, In this case, Equation 19 oan be written in the form;

) N
sl JiEy Lt (L3)
o, Sf(8) - == ~ £
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Differentiating Equation L3 gives, c opt

e
; TAV Q Z‘ Z Z,
= = )
opt 4 Cq 4 -
11, It must be mentioned that by wave formticn according to Figure 6,
no definite statement about the droplet size can be made ginoce it is not
possible to prediot in whioh places the 1iquid coluwm will bdreak off, This

most probably will happen at points with a distance of /2, for which
oase the droplet diameter will becomes

Y3

—?T (L5)
ot

but might as well happen at other points as influenced by outer forces on
the liquid column.

d, =

12, From the_ oonsiderations as represented in parsgraphg 9 and 1],
a definite statement about the droplet size omn be made only up to a certain
limit as determined by Equation 20, 1.,0., as long as the velooity does not
exoeed a oertain value, Below this limit, Equation 38 in oonnection with
Equation 23 can be used for determining the droplet site resulting from the
disintegration of a jet at medium velooities and Equation 17 in oonnection
with Fqution 23 for small velooities. For intermediate velooities,
Equation 35 does not give exact values as a oonsequence of the gimplification
involved in the derivation of the equation, In those cases, the original
Equation 18 (or the slightly simplified Equation 28) should be uged, Fipfure 7
shows the difference of the values obtained with the above equations, :
indioating thst the exaot Equation 18 has to be applied only within a
relatively small range, So for higher jet velooities a direct relaticn for

the droplet sire can be stated by introdusing Equation 2B into Equation 23,
which pives:

« 30
clcl 3.02

For small velooities, Equation 17 can be eimplified, szince the term under
the root in that equation is of little influence to the result, so that for
this oase the rela tion for the droplet dismeter roade:

d,«2md, )
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Figure 8 shows a graphieal representation of Equations L6 and L7, frem which
the droplet diameter oan be found as a finotion of the jet diameter, ‘jo

(in the mest cases equal to the nessle diameter, dy) and the velosity, v,

for Diesel 04l ¥o. 1 in air of 295°X and 760 mm Hg, Similar diagrams ean
be pletted fer any other conditions by applying the above relations.

13, Equation 5 represents the relatien fer the maximum possible stable
droplet sire, Obviously for the case that the droplet diameter beeemes
groeater (accerding to Fig, 8) than indicated by Equation 5, the eriginating
droplet oannot be stable and will be deformed, This defermatien ceeurs in a
forn as indieated in Fipure 9» The droplet will be dented and lingaments
will be fermed whioh travel along, eontinuously chenging its shape. As
outer ferces are aoting en these lingaments, they will disintegrate into
sualler parts 8o thet finally a variety of droplst sizes, & droplet speetrum,
will result, HRowever, some lingaments will travel aleng wndisturbed deing
proteoted from the aerodynanio foroes by other lingaments eo that some droplets
vill have the eriginal size., It oan be prediocted that in cases where the
velecity is greater than given by Equation 5, a dreplet speetrum will
result,the maximum dreplet diameter ef whieh ocan be caloulated aocording to
Equatien 46 and represented in Figure 8, The theoretiocal limit for
stability is indieated by a thin s0lid line dencted by the nmumbder one, (qu./Vm'l)

14, Caleulatiens about the droplet speetrum ean de perfermed by
applying the laws of probadility, The rate of predability, P, is the ratio
of the favorable cases, £, to possible eases, p.

p=_f_ (L8)
P

The number ef faverable eases and pessible ocases oen be ealoulated by
oonsidering the possible oombinationg, This may be demonstrated by an
example. The maximum dreplet mey have the volume, Vo4 In many cases,

as deseribed in the feregeing paragraph, this droplet diameter is unstable
gsines the surface tensien cannot withatand the ram pressure, Se the dreplet
will disintegrate, It may be assumed that the gtable droplet diameter for
the prevailing eonditions has a volums of Vp,./l So the maximum number
inte which the dreplet prebably will disintegrate is feur and the eriginal
dreplet diameter with the volume, Vpax, may be theught of as censisting of
feur units, eash having the sitge, V_xﬂ;. Now it may bde oonsidered how
many eombinations ean be formed by a droplet of the size Viax having a
tendeney to disintegrate into four equal parts. By oaloulating the pessible
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combinations it has to be kept in mind that there ie no inevitable necessity
to disintegrate always juest inte four droplets, since the original droplet
may be protected in some cases by other droplets in sush a manner that it
disintegrates into three or two droplets or does not disintegrate at all,

If the droplet digintegrates into two droplets the combinations as listsd

in Table 3 are possidble, If the droplet disintegrates into three droplets
ths oombinations as listed in Table L are poesidble.

First Droplet Second Droplet

1 wnit 3 units

2 units 2 units

3 units 1 unit

Table 3

First Droplet Second Droplet Third Droplet

1 it 1 unit 2 units

1 it 2 units 1 wmit

2 units 1 unit 1 mit
Table

If the droplet disintegrates into four droplets, four droplets result each
having the size of one unit and for the case that the droplet does not
disintegrate, one droplet of the size of four units results, Dy swmarizing
all theso oombinations it results that there is only one favorable case

thet one droplet rssulte the size of which then is four units, i,e., the
origiral sige, Two favorable cases for droplets of the sise thres units,
five favorable ceses for droplets of two unite and twelve favorable cases
for droplete oonsisting of one unit can be found, Summarizing all the
favorable ocases one obtains the number of possible cases, i.e., 1 + 2 ¢+ §

+ 12 = 20, So, acoording to Equation 48, the rate of probability that
droplete of the size one unit will be formed is 12/20 = ,60, i.8,, 60% of the
dispersed amount is.converted into droplets of the size one unit, The rate
of probability thet droplets of the size two or less wumit.s will be
formed 18 12 * 5 = .85, 1,e.,, 857 of the total dispersed volume is
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converted into dreplets of the size t less units and ¥
\- splets. o size two or s '_'ég_'_"
R = 495, 1,0., 95% into droplotu of the size thres or less units and |
; é 22322 1-..""--;‘ ooﬂ dnto droplets of the gize four 5= less wnite, :
¥ Inotnd of terms of wni volume, the above figures osn bo written in terms

t ¥,
of droplet diametsr, eirce d -%——om—-t ‘and one unit =

| .65a_,.2uzuta-zvuy'lu-7956ux.thr”\mi’“-ﬂ..,/h-&l
end four wits = 7 ® d oyt %0, the dreplet spectrum oan be represented

4. i by & dlagram :hoving droplc‘c sige in Lerms of maximm droplet dianeter as
] s fusstion of the quantity econverted into droplets having the indicated
or a smller dimhr, Pigure 10,

15, It must be untioned that the stable droplet diameter is not the
| smuallest possible droplet diameter as would follow from the oonsiderations
presented. in paragraph 14, In peragraph 6 it has been showmn that a variety
of wave lengths can exigh, of whioch the wave length as represented by gopt

. is of the strongest influence detornmining the maximum droplet size, Hows-

R ever, that does not mesn that the smaller wave lengths disappear eompletely,

| only their influsnse ls of smaller degrese, Egpeoially on the outer surfacs .

i of the liquid coltmn thase smaller wave lengths ocan produce scme droplets

] the size of which is even gmaller than the stable droplet eigze, Further

e mors, vibrations not produced by the instability of the ligquid column itself
o but from outer forces and disturbances in the nozsle itself may produce

: very small droplets the smallest of whioh may even approach molesular

dimensiong, It will be agsumed that the percentage of volume converted

into these small droplets (sumller than stadle asige) deoresses with

desreasing droplet diametears and that the funstion bLetwesn volume eonverted

and droplet size for droplets below stable sige probably will show a tendency

reoiprocel to the temdency derived for droplet sizes above stadle sige

i (mee paragraph 1l;) as indicated by s dotted line in Figure 10, In some

I oages the droplet spestrum is represented by & dagram showing the number

! of droplets, Z , ss a funetion of the droplet diameter. This kind of

spectrum oan be caloulatsd from Figure 10 by eonverting the ordimate of

Figure 10 into mumber of droplotl by uﬂnm ' 4
| > * Yolume . , oonst, . (L9) . _
. | 3 T
Vith this relation it will bs found that the meximum mumber of droplets of B e
E one size results for droplet siges below stable size. A fupther investi- .-
! getion of the value, 2Z .., ®ay be omitted since this value probably is %

of 1little significance for the consideration of spray equipment tlnce very
small dreplets have littls ehance to settle on the grownd because of the ’ !
vertical oonvection in the aire: 3]

19

AT

¥
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16, The considerations as presented in paragraph 1l oan be applied
for any value of the ratio, Vpez/Vstabler The oaloulations show that the

number of oases are represented by a sequenee:;
1 2 5 12 &8 6 UL 320 67 158

so that, for example, for the osse that the original droplet disintegrates
into eight pleces the values are as represented in Table 5, It follows
that different droplet spectra result, depending on the ratio, Vo,o/V.iav1e

or (‘-.x/‘ltublo)s' This ratio also can be represented approximately bdys:

3
Vaax = (g, ) =0.206122 (50)

Vatable dgtable

according to Bquation 46 and 5 (see Fig, &), It must be mentioned that the
different droplet spectra probably are not directly proportional to the
oharacteristio value, drl:/dntablo » 8&nd this value will have to be multiplieqd

by a faotor which is smaller than one and decreases with inoreasing velooities,
since in determining the stable droplet size the velocity prewvailing at the
originating points of the stable droplets hae to te oonsidered, i.e., &
velooity at a location behind the disintegration of the jet, This velooity

is smaller than the initial velooity of the jet and is not kmown exaotly,

Size of Unit ] Number of Cases | Volume Percentages

1/8 I 320 ! 2 -5
2/ 1y, | _Z'ﬁ%b_ - %05

3/8

/8 965
5/8 985
é/8 | .99
999
/8
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17 It must be mentioned that the velooity, v, in all the above
equaticns denotes the actual jet veleoity (or relative velooity) at the
originating points of the droplets, This velcoity in some cases might be
very olose to the exit velosity, o, from the noszle; in many other ocases
night differ oonsiderably from the exit velooity as a consequence of the
losses, For caloul ting these losses, it might be assuned that the
relations valid for the resistance of glodbules ean be applied, sinoe the
Jot starts its wave formation directly behind the nossle, so that the shape
of the jet 1e more similar to a sequence of glodules than to a oylindere
The air resistance of a glodbule is

Da J, V¥ (51)
2

Re

Then D denotes a drag cocefficient dependent on the Reynolds Number and A
the projected area of the globule, The deceleration of the droplet iss

R
be —.— (52)

when, m, denotes the mass of the globule, Introduocing Equation 51 inte
Equation 52, it follows for the deceleration.

L o0V g
L%

The actual velooity of the globule iss

(53)

vec2. (54)

When, L, denctes the distance from the nossle whioh in the following oan
be sudstituted by the disintegratiom length, 1 . Introdusing Equation 53
into Equation 54, it results for the correction faotor:

E. £ =‘F+“_'-5°ﬁ‘-' (55)
y W dg

For the disintegratinon length, 1 , and droplet diameter, d,, in case of
small jet velooities, Equations 21, 1l, 16 and 51 can be introduced into
Equation 55, resulting ins

In SIS Dy, 065 Oﬂf—‘l . 2

E- it 2

(5N

2
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For high jet velooities it results by introdusing Equationms 21, 14, 33,
33 and L6 into Equation 55.

L )
S"F In %I5D 1% 134 (1)
z

1166
T

In equations 56 and 57, n°ls* , 1s a factor the tendenoy of whioh is
not well imown, Eowever, some clues adout its probable value oan be
obtained by applying Equation 10, sinee this eguation gives a definite
relstion for the maximum possible disintegration length, Equation 10 oan
be written in the forms

d;
axdy _ 3
4
when X denotes the ratio of jet surface to droplets surface. Ascording
to the eonsiderstion represented in paragraph 5, the faotor X  must be

groater than 1 or at least be 1 . Introduoing Equations L7, 2,
14 and 16 into Equation 58, it follows:

of *=
& /6 (l.nx-a)v (FESE + 5(? ) =

s
Fﬂmuonv?. valid for a jet with low velocities, For a jet with high
velooities it results by introducing Equation L6, 21, 1, 33 and 38,

(58)

z oxes 2 la

In ®l5= (u.sx?z -2) fﬁ:

Equation 59 indioates that X _ has to be greatsr 1,62 in order to
give nositive values of In /g% and that then Im 9/s* is inversely
proportional to the jet velooity. From Equation 60 no definite statement
about the gize of the faotor X osnls made sinos in the most cases where
Equation 60 is applioadble the value irz." is greater than 1,6, Introduoing
Equations 99 and & respectively into Equations 56 and 57 respeotively, it
results for the correction factor:

g___ | + DXa 0SS ) i
. (2w -2)

(60)

2




Memorandum Report No, MCREXB=-66l-531B
GS-USAF=Nright Patterson No, 179
29 Avgust 19,9 Appendix A

valid for small jet velocities, and

DVA 0.625 }{z
§- |+ .
%y, (resx -‘2-2)

valid for high jet velooitiss. So it results that the ocorrection factor

is proportional to the density of the air and invergely proportionmal to

the deneity of the liquide Thet mesns that the difference between the
velocity in the noztle and the velooity at the originating points of the
droplets inoreages with increasing sir densities and deorsasing liquid
densities, As a oonsequence of the losses, furthermore, the limit between
disintegration into uniform droplet sizes and disintegrations into a variety
of droplets is at higher velooities as indicated in Figure 8, if for the
velooity the exit wvelooity from the nozzle is takem, In addition, the

oharaoteristio value, v“’/vnhblo is affested by the losses if the velooity

is referred to the exit velocity, i.e., the wvalues, Vv ,v will be
stable

(62)

lower than indicated in Figure &,

III. TEST RESULTIS

1. Some test results about droplet sizes and droplet speotrum
originsting by disintegrating liquid jets (solid injeotion) are pudlished
by Do W Lee and R, C, Spencer (Ref, 6)e Table 6 represents the obtained
maximum droplet sises and Figure 11 some of the droplet spectras The
notcloes wore simple round orifices.

2, For solid injeotion some photographic studies were porformsd on a
liquid Jet discharged through a simple round orifice with different veloocities,
Figure 12, These piotures show that at low velooities ( Ap <30pw)
uniform droplets originate, the diameter of which 13 about 2.1/2 times the
Jet diameter and that at higher velooities ( Ap>30pii) g variety of droplet
sizes originate.

3» Fo No Soheubel (Ref, 3) published test results ooncerning droplet
siges and droplet speotrum originating by the disintegration of a liquid
Jet discharged with very low velooity, into an airstream of very high velooity,
Figure 13, Unfortunstely, the nosrle diameter has not been stated.
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(/s) | () (xe/m) | (hg/m3) l(kgsc/m‘) | (Tﬁ-)l -
No. v | [ ‘ rL I e

L U | das
119 2.710"3 | 22000 | 1.15 ! 12
107 . 12,
€9 " 178
76 | g

53 | | y | 230
236 " |76
24,0 " ; A g6

. R I "l
2L,0 2.8x0-3 " I 10.20x0~% | 15

89 2,403 o | u.5a0* | 115 | 1277
ol 2.1x10°3 700 | L2xo-6 " 127
78 6,8x03 | 1000 | 10300-6 " 276

Table 6

L. The nozele t pe used for dispersing ingectiolde from airplanes
is shown in Fipure 1L (straight discharge noszle). In this nozzle the liquid
is dlecharged perpendioular to an high velocity airetream, The airstreanm
defleots the liquid therein for sbout 90°, Test results with this nozzle
type are represented in Table 7 and Figure 15,
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(mped]  (m) _'(lglm) (%gm®) )1 (Kqfm

No L] V d' i c & ? Q)A- d_x

a Appord?x A

6.36x10"3 . | 2.8x10~3 850 1.15 125
2.54010°2 8 " 160
5,08Q02 | " oo

Table 7

5. The droplet sires in nll the above test results were determined
by ellowing the droplets to settle on glass slides covered with magneslium
oxydes The droplets evaporate on these slides and leave marks, By messure
ing these marks wmder a misroscope the droplet size can be founds The
adges of theze marks are not in all cases very distinguished, so that the
obtained wvalues are more or less arbitrary. This is shown by the fact that
different institutions evaluating test slides sprayed in the same test
report maximum droplet sizes which differ up to 100 %, (Ref. 10).

IV, COMPARISON BETWEEN TEST RESULTS AND CALCULA‘IED YALUES

1, Figure 16 shows the comparison between the tsst values from
Table 6 and the values osloulated eooording to Equation 46, if for the
velooity, v, the exit veloocity, o, is taken, This figure shows that in
a1l but four cases the test results sre greater than the caloulated values
as it was to be expected according to the considerations represented in
paragraph 16, This difference gives the ehance to compute the size of the
drag-coeffiocient, D, From Equation L6 &t followss

dmoa sured 3 o? (63)

doaloulated ' ?

end, therefore, by introdusing Equations 55 and 62:

[( dmgasured ,J (l25‘x 3{— 2‘) Th

d calculat Cd

D:

0.625 AZ Ta

rosults,
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Introducing the values from Pigure 16 into Bquation &0 for the drag oocefficient
values between 5 and 08 result (average wvalue D = 192) for X = 1. The
Reynolds numbers in the above cases are between 700 and 9000, According to
the aerodynamic theory for the above Reynolds numbers, values between Ol
and 0,5 were to be expected, For this difference several factors are
responsible, From Equatiocn 60 for In % §3 mder the prevailing conditicns,
values very olose tc eero result, indicating that the average deviation

of the jet from ite cylindrical shape is about equal tc the jet
radius, a, In addition, the walue opt for the prevailing oonditions

is oongideradly greater than 1 (between 10 and 3000, see Equations 38 and
39), indiocating that the wave length A ig much smaller than the jet
diameter (3 to 1000 times, see Equation 12), Therefore, the cuter shape
of the liquid colum is sharply deviated, It is not unlikely that the
drag coefficient of such e sharply dented colusn is bigger than the drag
coefficient of a globule, Furthermore, for the velooity, o, its theoretiocal
value o, ecoording to Equation 6 has been’ taken, simce for the oited tests
only the pressure difference was lmown. The ococefficient of discharge
representing the difference between the sotwal exit velooity and the
theoretical value depende mainly on the kind of orifice end types of stem
used for the test, whioh vslues, unfortunately, were not presented in the
reports cited, They wary between 1;‘.’.~. = 0,9l to 0,5 (Ref, 11).

Finally, it must not be overlooked that the proocedure of nacurlng droplet
siges is not very exaot as mentioned in peregreph III.5,

2, Comparing some measured (eclid lines in Fige 17) droplet spectrs,
Figure 17, with the caloulated spectra (dotted lines fm Pig. 17), it results
that the tendencies of the caloulated and megsured spectra ere in failr
agreement, Howevor, the ocharecteristio valuee V wtable’ of, the measured

speotra are much lower than those resulting from Figure 8. This egain ie a
oongequence of the losses since the jet velcoity decreases consideradly
with inocreasing distances (see alsc Ref, 12), Therefore, tho steble droplet
sige and the value V. .14 incresse and the valve Y, stadle DeOORee

lower than indioeted in Pigure 8, In Ref'erence & it is shown that in dhtmon'
of 7.5 inches from the nosgles still ligaments can be found., From Reference 12
it results that in air of atmospherio density the jet velocity in a distance
of 7.5 inches from the nosxszle is about 0,59 c,. §c the stable droplet size

is about 2,9 times greater (see Bg\sntion 51) than suggested in Figure &,
and the wvalue Y, stable about times emallor than suggested in

Figure 8, With this oorreotion measured and oaloulated spectrums are ebout
identiocel, '




Memorandun Report No. MCRZIXE.648=531B
G3-USAP-¥right Patterson ¥o. 179
29 August 1919 Appendix A

-

3+« The pieturee represented in Pigure 12 show that up to pressures
of A’ ® 20 pel (1.4 at), 1.0, velooities of C = 19 m/s wniforn droplet
sisee result and at pressures above A _© 30 psi (2,25 at), i.e.,
velooitiee above C = 21,5 m/e, a droplet Bpectrum resultss Acocording to
Equations 39 and 50, the velooity whioh indicates the limit between disintegration
into uniform droplets and droplet speotrums (Vpax ® Vstable) 18 given by:

VK o 1.“5 % (65)
A

resulting in V, = 10.4 /e for the above oase. This indicates that ths

velocity at the peiﬁ ere the 87, ginal (maximum) droplet dieintegrates
further 1s between 10:4 and 1250_.5, » 1e0s, botween 55X and ;3% of the

SRR 5 e e ety 0.

b % and 18 v y o Thig has to be
etween 30X and 18X of the theoretical walue of #.._

stable
taken into socount when using the exit veloceity, o, by ap;lying Figure 8
instead of using the aotual veloeity ¥, which in most cases will not be
known,

Le PFor the oonditions prevailing during the tssts with the estraight
discharge nossle as repreeented in Table 7, the caloulated maximum droplet
sisee are L0u , 37h0pe and 5930 M- for test No. 1, 2 and 3, by applying
Equation L6, 1.e., the caloulated values are L6, 8.1 and 7.3 times greatsr
than the measured walues, It oould not be expeoted that for this nogsle
type even approximately ocorreot values oan be obtained by applying Equation L6
eince for this nozsle type the disintegration prodably is not caused by
rotationally symmetrio dieturbamcge, but rather by the singular dietmdbarnce
effected by the deflection of the jet., In order to oaleulate the wave
length, 1.e., the droplet size, for these conditions, more information about
the sise and the loocation of the irregular dieturbences should be available.
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(m)
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(og)
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(n/sec)

(xe/n3)
(ke/n3)

(kg seo/m2)
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(sec~1)

APPENDIX B
Symbole

Radius of the jet
Capillary constant
Droplet diameter
Maximum droplet diameter
Jet diameter
Stable droplet diameter
Gravity oonetant
Fressure
Temperature
Time
Velooity
Dimensionless oharacteristio valus

Specific weight of the air

Speoifio weight of the liquid

Dynamio viscosity
Wave length

Charaoteristio value for the wave length

Charaoteristio value for the dieintegration time
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